C*- ALGEBRAS OF TOEPLITZ TYPE ASSOCIATED WITH 
ALGEBRAIC NUMBER FIELDS 



JOACHIM CUNTZ 1 , CHRISTOPHER DENINGER 2 , AND MARCELO LACA 3 

Abstract. We associate with the ring R of algebraic integers in a number field a 
C*-algebra T[i?]. It is an extension of the ring C*-algebra 2l[i?] studied previously 
by the first named author in collaboration with X.Li. In contrast to 2l[i?], it is 
functorial under homomorphisms of rings. It can also be defined using the left 
regular representation of the ax + 6-semigroup R x R x on £ 2 (R x R x ). 

The algebra T[i?] carries a natural one-parameter automorphism group (cr t ) tg R. 
We determine its KMS-structure. The technical difficulties that we encounter are 
due to the presence of the class group in the case where R is not a principal ideal 
domain. In that case, for a fixed large inverse temperature, the simplex of KMS- 
states splits over the class group. The "partition functions" are partial Dedekind 
C-functions. We prove a result characterizing the asymptotic behavior of quotients 
of such partial ^-functions, which we then use to show uniqueness of the /3-KMS 
state for each inverse temperature f3 € (1,2]. 



1. Introduction 

Let R be the ring of algebraic integers in a number field K, let R x = -R\{0} be its 
multiplicative semigroup and R x R x its ax + 6-semigroup. In the present paper we 
study the C*-algebra generated by the left regular representation of the semigroup 
R x R x on the Hilbert space £ 2 (R x R x ), and its KMS-structure for a natural 
one-parameter automorphism group. In the first part of the paper we analyze the 
structural properties of the C*-algebra. We show that it can be described as a 
universal C*-algebra defined by generators and relations. Since the left regular C*- 
algebra of a semigroup is often called its Toeplitz algebra we denote this universal 
algebra by %[R]. The relations are closely related to those characterizing the ring 
C*-algebra 2l[i?] studied in [3], [5], [6]. This is corresponds to the fact that 21 [.R] is 
generated by the natural representation of R x R x on £ 2 (R) rather than on £ 2 (R x 
R x ). Recall that the generators for Ql[R] are unitaries u x , x £ R and isometries 
s a , a £ R x satisfying the following relations: 

(a) The u x and the s a define representations of the additive group R and of the 
multiplicative semigroup R x , respectively, (i.e. u x u v = u x+v and s a Sb = s a &) 
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and moreover we require the relation s a u x = u ax s a for all x £ R, a £ R x (i.e 
the u x and s a together give a representation of the ax + fe-semigroup i?x R x ). 
(b) For each a £ R x one has ^ xgfi / a /j u x s a s* a u~ x = 1. 

This algebra was shown to be purely infinite and simple in [3], [5]. It has different 
representations in terms of crossed products for actions on spaces of finite or infinite 
adeles for K, [6]. 

Now, to obtain a presentation of we essentially have to relax, in this presen- 
tation of 21 [-R], condition (b) to the weaker condition ^2 xeR / aR u x s a s* a u~ x < 1. This 
modification in the relations is sufficient to characterize the algebra %[R] in the case 
where R is a principal ideal domain. We are however especially interested precisely 
in the the situation where this is not the case, i.e. where the number field K has 
non-trivial class group. To treat this case adequately we have to impose certain 
conditions on the range projections of the isometries s a . The most efficient way 
to formalize these conditions is to use projections associated with ideals in R as 
additional generators and to describe their relations. We mention that a descrip- 
tion of the C*-algebra generated by the left regular representation of a cancellative 
semigroup by analogous generators and relations had been discussed before also by 
X. Li, pj)], Appendix A2, see also [20], Chapter 4 for a specific example. 
An important role in our analysis of %[R] is played by a canonical maximal com- 
mutative subalgebra. Its Gelfand spectrum Y R can be understood as a completion, 
for a natural metric, of the disjoint union \_\R/I over all non-zero ideals I of R. It 
contains the profinite completion R of R (which is the spectrum of the analogous 
commutative subalgebra of 2l[i2]). It is important to note that the algebra T[-R] is 
functorial for homomorphisms between rings while 2l[i2] is not. This is reflected in 
the striking fact that the construction R i— > Yr is contravariant under ring homo- 
morphisms rather than covariant as one might expect. An inclusion of rings R C S 
induces a surjective map Y$ — > Yr. The same holds for the locally compact version 
of Yr (corresponding to a natural stabilization of which plays the role of the 

locally compact space of finite adeles. 

Especially important for us is a natural one-parameter group (cr^tm of automor- 
phisms of %[R]. It is closely related to Bost-Connes systems [TJ and to Dedekind 
^-functions. In special cases it had been considered before in (3], [T3] . 
The Toeplitz algebra for the semigroup N x N x - which is very closely related to 
the Toeplitz algebra X[Z] for the ring Z in the sense of the present paper - has been 
analyzed in [13]. In particular it was found in that paper that the canonical one- 
parameter automorphism group on this algebra has an intriguing KMS-structure. 
There is a phase transition at (5 = 2 with a spontaneous symmetry breaking. In 
the range 1 < < 2 there is a unique KMS-state while for /3 > 2 there is a family 
of KMS-states labeled by the probability measures on the circle and with partition 
function the Riemann (^-function. 

It turns out that, for our Toeplitz algebra, the KMS-structure is similar, but quite 
a bit more intricate. We show in Theorem 6.7 that for /3 in the range 1 < /3 < 2 
(with (3 = 1 playing a special role) there is a unique KMS state. The essential new 
feature which is also the source of the main technical difficulties in this paper is the 
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presence of the class group, in the case where R is not a principal ideal domain. 
Our proof for the uniqueness of the KMS-state requires a delicate estimate of the 
asymptotics of partial Dedekind ^-functions for different ideal classes, see Theorem 
16.61 This theorem seems to be new and of independent interest. We include the 
proof in the appendix. 

For /3 > 2 we obtain a splitting of the KMS states over the class group T for the 
number field K. The KMS states for each (3 in this range are labeled by the elements 
7 G T, but moreover also by traces on a crossed product C(T n ) x R* (n being the 
degree of our field extension) by an action (which depends on 7) of the group R* of 
units of R. For a precise statement see Theorem 7.3. The partition functions are 
the partial Dedekind ^-functions £ 7 associated with the ideal classes 7 for K. 
In section [S] we determine the ground states. We find a situation which is similar to 
the one for the KMS states in the range (3 > 2. The ground states are labeled by 
the states of a certain subalgebra of %[R] ■ 

We mention that our methods also immediately yield the KMS-structure of the much 
simpler, but in the case of a non-trivial class group still interesting, C*-dynamical 
system that one obtains from the Toeplitz algebra of the multiplicative semigroup 
R x (i.e. the C*-algebra generated by the left regular action of this semigroup on 
£ 2 (R X )) with the analogous one-parameter automorphism group, see Remark 17.51 
When we restrict to the case of a trivial class group, all our arguments become very 
simple indeed and can be used to get a simpler approach to the results in [T5] . 
The presentation of %[R] in terms of generators and relations and the functoriality 
from section 3 had been obtained and announced by the first named author before 
the present paper took shape. These two results have since been generalized to 
more general semigroups by Xin Li, [16J. The first named author is indebted to 
Peter Schneider for very helpful comments. 

After this paper was circulated, S. Neshveyev informed us that, using the crossed 
product description of %[R] in section 5 and the methods developed in [TT], the 
KMS-structure on (T[-R], (cr f )) could be linked to that of a Bost-Connes system. The 
KMS-structure of this Bost-Connes system in turn was determined in [TU] . Together, 
this would give a basis for an alternative approach to our results on KMS-states in 
sections 6 and 7. 

We include a brief list of notations at the end of the appendix. 

2. The Toeplitz algebra for the ax + ^-semigroup over R 

Let R be the ring of algebraic integers in the number field K . The ax + 6-semigroup 
for R is the semidirect product Ry\R x of the additive group R and the multiplicative 
semigroup R x = R\{0} of R. We can define the Toeplitz algebra for the semigroup 
R x R x as the C*-algebra generated by the left regular representation of R x R x 
on l 2 [R x R x ). We set out to describe this C*-algebra abstractly as a C*-algebra 
given by generators and relations. 

Definition 2.1. We define the C*-algebra %[R] as the universal C*-algebra gen- 
erated by elements u x ,x G R, s a , a G R x , ti , I a non-zero ideal in R, with the 
following relations 
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Ta: The u x are unitary and satisfy u x u v = u x+y , the s a are isometries and satisfy 
s a Sb — s a b- Moreover we require the relation s a u x = u ax s a for all x G R, a G 
R x . 

Tb: The ej are projections and satisfy ei n j = eiej, e# = 1. 
Tc: We have s a eis* a = e a j. 

Td: For x G I one has u x ei = eiu x , for x ^ I one has e\U x ei = 0. 

The first condition Ta simply means that the u x and s a define a representation of 
the semigroup R x R x . We will see below that %[R] is actually isomorphic to the 
Toeplitz algebra for the ax + 6-semigroup R xi R x , see Corollary 14.161 
In the following, ideals in R will always be understood to be non-zero. 

Remark 2.2. In the case where R is a principal ideal domain, the axioms can 
be reduced considerably. In fact, in that case, the projections ej are not needed 
to describe %[R] by generators and relations (they are all of the form s a s*) and 
conditions Tb, Tc and Td can be replaced by the single very simple condition 

u x s a s* a u- x < 1 

x&R/aR 

Note that this inequality is a consequence of Tc and Td. In fact, by Tc one has 
e a R = s a s a and by Td the projections u x e a pu~ x , x G R/aR are pairwise orthogonal. 

Remark 2.3. (a) The elements s a and si commute if and only if a and b are 
relatively prime (i.e. aR + bR = R) . (Proof: s£s a = s a sl iff Sbsls a s* a = SbS a sls* a iff 
ZaR^bR = e a bR- Then use the fact, established below using explicit representations 
of 1[R], that ej = ej I = J) 

(b) From condition Td it follows that eju x ej = 0ifx^/ + J and that eju x ej = 
u Xl ei n ju X2 if there are x± £ I and x<i G J such that x = x\ + xi- 

Let us derive a few more consequences from the axioms Ta - Td. From the projec- 
tions ei we can form associated projections. For each ideal I in R set 

fi= Yl u * e i u ~ X 

xeR/I 

(note that u x eju~ x is well defined for x G R/I, since u x+t eju~ x ~' 1 = u x eju~ x for 
i G /, and that the u x eju~ x are pairwise orthogonal for different x G R/I)- For each 
prime ideal P and n G N set 

& pn = fpn — 1 — fp n 

Moreover, for an ideal / = P^P^ 2 . . . P* n with P 1 ,P 2 ,---P n distinct primes, set 

Ej = £ rjfci £ D fc 2 • • • £ pfcn 

Lemma 2.4. The ej, //, £j have the following properties: 
(a) For any two ideals I and J in R one has 

eifj = Yl u x e InJ u- x ///j = Y u x e InJ u- x 
xei/(inJ) xe(i+J)/(inJ) 
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(b) If I and J are relatively prime, then fjfj = fjj. If I C J, then fjfj = fj. 

(c) /// and J are relatively prime, then ejEj = Eij. If I and J have a common 
prime divisor but occuring with different multiplicities, then EiEj = 0. 

(d) The family of projections {e/, fi,£i \ I an ideal inR} is commutative. 

(e) u x fiu~ x = fi and u x eiu~ x = ej for all x G R. 

Proof, (a) Obvious from Remark 12.31 

(b) is a special case of the formula under (a). 

(c) follows from the definition together with the fact that = for a prime 
ideal P and n ^ m. 

(d) It follows from (a) that the e/ and // form a commutative family. However the 
Si are defined as products of differences of certain fj. 

(e) follows directly from the definition. □ 

3. FUNCTORIALITY OF %[R) FOR INJECTIVE HOMOMORPHISMS OF RINGS 

We assume that we have an inclusion R C S of rings of algebraic integers. We 
are going to show that this induces an (injective) homomorphism k : %[R] — > 1[S]. 
Denote by s a , u x , ei the generators of %[R] and by s a , u x , ei the generators of %[£>]. 
The homomorphism k will map s a to s a , u x to u x and it is clear that this respects 
the relations Ta. With an ideal I in R we associate the ideal IS in S and we define 
n{ei) = ejs- It is then clear that relation Tc is also respected. The fact that Tb and 
Td are respected follows from the following elementary (and well-known) lemma. 

Lemma 3.1. In the situation above one has for ideals I, J in R: 

(a) IS n R = I 

(b) isn JS = (mj)S 

Proof. Both statements can be proved in an elementary way using the unique de- 
composition of I and J into prime ideals in R, cf. [19], p. 45 and p. 52, Exercise 1. 
The statements also follow from the fact that S is a flat (even projective) module 
over R, see [2], Chap. I §2.6 Prop. 6 and Corollary. □ 

Summarizing, we obtain 

Proposition 3.2. Let R and S be the rings of algebraic integers in the number 
fields K and L, respectively. Then any injective homomorphism a : R — )■ S induces 
naturally a homomorphism %[R\ — > X[>S] . 

It follows from Theorem 14. 131 below that this homomorphism is also injective. 



We denote by V the C*-subalgebra of %[R] generated by all projections of the form 
u x eiu~ x , x £ R, I a non-zero ideal in R. It follows from Remark 12.31 (b) that this 
algebra is commutative. In fact, the elements e x := u x eju~ x satisfy 



4. The canonical commutative subalgebra 




if {x + 1) n {y + J) = 
e? nJ if z e (x + I) n (y + J) 
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and thus linearly span a dense *-subalgebra of V. The algebra T> also obviously 
contains the elements of the form Ej defined above. 

Lemma 4.1. 

(a) If d &T>, then s a ds* a and u x du~ x are in T> for all a G R x , x G R. 

(b) The set of linear combinations of elements of the form s* a du x Sb with a, b G 
R x , x G R, d G T> is a dense -k-subalgebra in %[R\. 

Proof, (a) This follows from the definition and conditions Ta - Td. 
(b) The set of elements of the form s* a du x Sb contains the generators and, by (a), 
is invariant under adjoints and multiplication from the left or from the right by 
elements s c , s*, u y , ei for c G -R x , y G R, I an ideal in R (the invariance under mul- 
tiplication by s* on the right follows from the identity SbS* = s*s c si,s* = s*SbS c s* c = 
s* c e bcR s b ). □ 

Let P be a prime ideal in R. We denote by Vp the C*-subalgebra of V generated 

by all projections of the form u x epnu~ x with x G R, n — 0, 1, 2, The epn define 

pairwise orthogonal projections in T)p. We define projections in T>p by 



Spn = u x e P nEp n +iu x = u x e P nU x e P n+i, x G R/P n 

They are pairwise orthogonal since s pn. and Epm are orthogonal for n ^ m and since 
the u x epnu~ x are pairwise orthogonal. In our definition we allow for n = so that 
£po = Sp. Note that, by Lemma FPU below, the 5p = Bp are all non-zero. 

Lemma 4.2. One has 

S P u = epn — u x e pn +iu~ x and e P n+i = Sp n 

x&P n /P n + 1 x£R/P n 

Proof. 

5 pn = ep™epn+i = epn J u x epnu~ x — u y epn+iu~ y 

\x£P n ~ 1 /P n yeP n /P n+1 

= epn — u y epn+iu~ y 
y eP n /P n+1 

The second identity is obvious from either formula for the Sp n . □ 

Lemma 4.3. The algebra Spn'Dp is finite-dimensional and isomorphic to C(R/ P n ~ l ). 
For each {x} in C(R/ P 71 ^ 1 ) , the projection <5p n _i = u x epn-iepnu~ x , x G RjP n ~ x is 
minimal in this algebra and corresponds to the characteristic function of {x}. The 
isomorphism EpnT>p = C(R/ P n ~ l ) is compatible with the natural action of the addi- 
tive group R on these two algebras. 
For each k < n we have 

Epn + lCpk = ^ ^ 5pn 

xeP k /P n 
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Let Gk denote the (finite- dimensional) C*-subalgebra ofVp generated by the projec- 
tions 1, u x epiU~ x , % — 1, . . . , k, x G RjP % . The map 

Gk 3 Z I-)- (z£p, Z€p2, . . . , ZEpk+i) 

defines an isomorphism G fe — > n< fc+1 EpnV P . 

Proof. For k > n, since e P fc < /p», we have = and, since u x commutes 

with Epn, also u x e P kU~ x Ep™ = for such k. 

On the other hand if k < n — 1, then ephU x ep^-\ = for x ^ P k and epkU x epn-i = 
u x epn-i for x G P fc . Applying this to the product e P k5p n = e P kU x ep™u~ x e pn+i we 
see that this expression vanishes for x ^ P h and equals 5f> n for x £ P k . 
The last assertion then is an immediate consequence. □ 

Denote by T>p the ideal in "Dp generated by the Epn. Lemma [4.31 shows that T>p = 
C(R/ P n ). Since the union of the subalgebras Gk is dense in V P , the last statement 
in this lemma also shows that T>p is an essential ideal in T>p. 

Let i : C(R/P n ) — > C(R/P m ) denote the homomorphism induced by the quotient 
map R/P m — > R/P n for m > n. 

Lemma 4.4. The C*-algebra Vp is isomorphic to the subalgebra of the infinite 
product 

oo 

l[C(R/P n ) 

n=0 

given by the "Cauchy sequences" (d n ) (by this we mean that for each e > there is 
N > such that \\i(d n ) — d m \\ < s for all n,m such that N < n < m). 

Proof. The map Vp 3z4 (ep^z) G n^Lo C{R/ P n ) is injective since Vp is essential. 
Each element of the form u x e P kU~ x is mapped, according to Lemma 14.31 to the 
sequence 

(0,...,0,^ fe ,^ fc )^ 2 (^ fe ),---) 
Thus the images of these projections generate, together with the images of the Sp k , 
the algebra of all "Cauchy-sequences" . □ 

Lemma 4.5. There is an exact sequence 

^V P ^V P ^0 

where the Gelfand spectrum Spec Dp equals \_\R/P n and the Gelfand spectrum of 
the C*-algebra C is the P-adic completion Rp = lim R/P n of R. 

n 

Proof. The isomorphism V P S 0C(i?/P n ) shows that SpecX> P = [_\R/P n . In the 
quotient C = Vp/Vp the images (u x epnu~ x y of the projections u x epnu~ x satisfy the 
relation 

epn = (u x epmu~ x y 

x£P"/P m 

for m > n (see Lemma |4~2|) . Since C is generated by these images, C = lim C(R/P n ) 

n 

and this proves the second claim. □ 
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Now let Pi,P 2 ,... be an enumeration of the prime ideals in R (say ordered by 
increasing norm \R/Pi\) and, for each n, let X n be the set of ideals of the form 
I = _P 1 fcl P 2 2 _ ■ ■ ■ Pn n with all hi > 0. We write V n = V Pl V P2 ---V Pn and V n = 
T>p 1 T>p 2 ■ ■ ■ T>p n . The T>p n all commute and T> obviously is the inductive limit of the 

We now use a natural representation of %[R] on the following Hilbert space Hp: 

Hr= f(R/I) 

/ideal inii 

Note that Hp is isomorphic to the infinite tensor product (^) p Hp where the tensor 
product is taken over all prime ideals P in R and Hp = ($£ 2 (R/P n ) with "vacuum 
vector" the standard unit vector in the one-dimensional space £ 2 (R/R). 

T[i?] acts on Hp in the following way: 

• The unitaries u x , x £ R act componentwise on £ 2 (R/I) in the natural way. 

• The isometries s a act through the composition: £ 2 (R/I) = £ 2 (aR/aI) ^ 
£ 2 {R/aI). 

• The projection ej is represented by the orthogonal projection onto the sub- 
space H = (& Ic j£ 2 (J/I) of H. 

It is easy to check that this assignment respects the relations between the generators 
and thus defines a representation \i of %[R\. One has 

Lemma 4.6. Let I = P^P^ 2 ■ ■ ■ P% n with all ki > 1, and xi, x 2 , ■ ■ . , x n £ R. Then 
M<5° fti) ac ^ s on the subspace £ 2 (R/I) of Hp as the orthogonal projection onto the 

subspace ^(P^/I). Thus l^(8 pkl S pk2 ■ ■ ■ S° pkn ) acts on this subspace as the orthogonal 

projection onto the one- dimensional subspace £ 2 (I/I) and ^{8 X \8 X \ ■ ■ ■ 8 Xn kn ) acts 

as the orthogonal projection onto the one- dimensional subspace £ 2 ((I + z)/I) where 
z is the unique element in DiO^ ' + x i)l I ■ 

Proof. This follows from the definition of /i(e k x ) and the fact that e kl +i = 1 on 

P\ P\ 

£ 2 (R/I) (recall that, by definition 5° k = e pkl e pkl +i). □ 

Lemma 4.7. For an ideal I = P* 1 P 2 2 ■ ■ ■ P^ n in I n and x £ R/I consider the 
projection 

$i,n = u x 5° pkl 5 pk2 ■ ■ ■ 6° pkn u- x , x £ R/I 
f 1 r 2 f n 

These projections are non-zero according to Lemma \4-6] (Note also that our defini- 
tion of 5 In depends on the fact that we consider I as an element ofZ n !) Then 

$i,n = w :r e / £/p 1 p 2 ... Pn w- a ' and e IPl p 2 ... Pn = ^ 8 x I>n 

X&R/I 

Proof. The identity <59 = epSip \p 2 -p n follows from the equations ej = e kl e k2 . . . e pk , 
and eip 1 p 2 ...p n = e pkl +ie pk2 +i . . . e pkn +i (see Lemma 12^4"]) . The second identity follows 
from the first one in combination with the corresponding identity in Lemma l4~2l □ 
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We have now shown that T> n = Vp 1 Vp 2 . . .Vp n is isomorphic to the tensor product 
^KKn^A with minimal projections the 5f n , I £ Z n . Thus V n = ® JeX C(R/I) 
and the spectrum of V n is U/ex (this is the cartesian product of the spectra 
\J k > R/P? of the V Pi ). 

Corollary 4.8. T> Tl is an essential ideal in T> n . T> n is isomorphic to T>p 1 ®T>p 2 ...(g) 
f>p n and f> is isomorphic to the infinite tensor product QQp'Dp. 

Proof. Consider the surjective homomorphism 

V:V Pl ®Vp 2 ...® V Pn -> V Pl V P2 . . . V Pn = V n 

which exists by the universal property of the tensor product. The restriction of ip 
to the essential (see the comment after Lemma 14. 3p ideal T> Pl <g> T>p 2 . . . <g> T>p n is an 
isomorphism. Thus <p is an isomorphism. □ 

From Lemma 14.51 it follows that, for each prime ideal P, we have SpecPp = 
Spec V P U Spec C = \J n R / pn u r p- 

For an ideal I in R and x £ R/I, we consider the projection ef = u x eju~ x . Since, 
by Remark l2T3T b). e x e V j is either zero or equal to e z InJ for z £ (x + 1) fl (y+ J), the 
set of projections {ef | / ideal in i?, x £ R/I} is multiplicatively closed. 

In particular the set of projections {ep n | n — 0, 1, 2, . . . , x £ R/P n } in Pp is multi- 
plicatively closed and a sequence (^) of characters of Pp converges to a character 
</? if and only if (pk(epn) — > V 9 ( e p™) f° r eacn x an d To describe this topology in 
terms of a metric we use the norm of an ideal. For an ideal / in R we denote by 
N(I) = \R/I\ the number of elements in Rjl. The topology on SpecPp is described 
by the metric d a defined for any choice of a > 1 by 

d a (<p,i/>)= £ iV(P")- Q |(v,-^)(e P „)| 

n>0,xeR/P n 

The topology on the first component |J R/P n of SpecVp is the discrete topology. 
The elements in this component are the characters i]p n uniquely defined by the 
condition 

T] X pn (5p n ) = 1 

The topology on the second component Rp of Spec Vp is the usual ultrametric topol- 
ogy and finally a sequence rf p h nk converges to an element r\ z in the second component 
determined by z £ Rp if and only if — > oo and there is iV > such that (using a 
self-explanatory notation for the image of z in the quotient) z/P nk = x nk for k > N. 

Now, since V = <§Z) p Vp, every character ip of V is of the form <p = (^)p<pp with 
each ifp either of the form r]p„ for n £ N, x £ R/P n or r\ z with z £ -Rp. 
Again, the set {ef | / ideal in R, x £ R/I} of projections in V is multiplicatively 
closed and generates V. Thus a sequence (ip n ) of characters converges to ip if and 
only if y2 n (ef) — )■ </ ? ( e f) f° r eacn ideal J and x £ R/I. This topology is described by 
the metric d a defined for any choice of a > 1 by 
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/ideal in_R, xeR/I 

We consider special elements r/f labeled by \_\jR/I- For I = Pf 1 P 2 fc2 . . . P% n and 
x G R/I, rjf is defined as 

vi= (g) v x ; ki 

i=l,2,... 1 

Here, fcj is defined to be if Pi does not occur in the prime ideal decomposition of 
I and Xi = x/P^. 

Proposition 4.9. The subset \_\jR/I is dense in Spec V. Thus Spec£> is the com- 
pletion of\_\jR/I for the metric d a described above. 

Proof. It is clear from the discussion above that the set of elements of the form 
0j rf \. is dense. We show that each element rj = • rf\ i can be approximated by 

the rfj. In fact, if I = P^P^ 2 . . . P^ and x G R is such that x/P^ = x t , i = 1, . . . n, 
then i](e y j) = i]j(e V j) for each ideal J that contains only P 1; . . . , P n in its prime ideal 
decomposition and for any y G R/J. □ 

Remark 4.10. This description of Spec£> also clarifies the wrong-way functoriality 
in R of the construction. Assume that we have field extensions Q C K C L and 
corresponding inclusions Z C R C S of the rings of algebraic integers. Denote by 
Yr and Ys the spectra of the corresponding commutative subalgebras Vr and T>s in 
T[P] and T^], respectively. Thus Yr and Y 5 are completions of the metric spaces 
| | 7 P/J and |_J j S 1 / J, respectively. 

With every character rfj G Uj'S'/^ we can associate a character (rjj)' G Specif 
by defining (r)j)'(e y M ) = i]j( eV Ms) f° r an ideal M in P and y G R/M. The map 
7]j — >■ (t7j)' is obviously contractive (up to a constant n a with n = [L : K]) for 
the metrics d a and thus extends to a continuous map Speck's — > Spec "Dr. It is 
surjective, since the dense subset \_\jR/I of Specif has a natural lift to Specif. 
In fact, one immediately checks that (r)f s )' = rfj for an ideal I C R and x G Rjl. 

Lemma 4.11. Let a G P x such that aR = QL with L G X n and Q relatively prime 
to each of the P 1; • ■ ■ , P n . TTien, /or / G T n , 

*a$,X = e Q 5° LI , n 

In particular, if al = bJ for two ideals I, J in T n and a, b G R, then s a <5° n s* a = 
s b S°j, n sl 

Proof. Using induction, it suffices to show that, for aR = QP^ 1 with Q relatively 
prime to Pi, 

SaSpHsl = e Q 5° p t 1+kl 
This follows from the following computation 
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s J° p HS* a = s a ( e p H - ^ u x e p H+iu x s* = e aP H - ^ u ax e ap t 1+ iu 

x6F t i/P*i+ 1 ' / ' xeP H /P H+ 1 



e p t 1 +k 1 — ^ y u ax e pt^+k-t+iu ' 

For the last equality we use the fact that u ax commutes with eg and that Q is 
relatively prime to Pi. □ 

The dual K x of the multiplicative group K x acts by automorphisms a x , x £ K x 
defined by 

a x( s a) = x{o)s a ac x (u x ) = u x a x (e 7 ) = t! 
By Lemma \A. II (b) the fixed point algebra B is the subalgebra of T[i?] generated by 
all u x , x G -R and e^, / an ideal in R. Integration over K x gives a faithful conditional 
expectation %[R\ — > B. 

On B the dual J? of the additive group R acts by automorphisms (3 X given by 

(3 x (u x ) = x(x)u x p x (ei) = ei 

The fixed point algebra for this action is T>. Again, integration over the compact 
group R defines a faithful conditional expectation B — > T>. 

Composing these two expectations we obtain the faithful conditional expectation 
E : %[R] — > T> which we will use now. Note that, for a typical element z = s* a du x Sb, 
E(z) = 0, unless a = b, x = in which case E(z) = s* a ds a . 

Lemma 4.12. Let 

in 

z = d + ^~2s* ai diU x *s bi 
i=i 

be an element of %[R\ (cf. Lemma \4-1\ (b)) such that for each i, a,i ^ bi or Xi ^ 
and such that d, di G V n for some n. Let n be large enough so that also the principal 
ideals aji?, biR are in X n for all i. Let e > 0. 

(a) There is a minimal projection 5 in T> n such that ||g?5|| = \\Sd5\\ > \\d\\ —e. 

(b) There is k > and a minimal projection 5' G T> n+ k, 5' < 5 such that 
5' s* a .diU Xi Sb t S' = for all i. 

(c) For the projection 5' in (b) one has \\8'z8'\\ > ||£'(2)|| — e 

Proof, (a) simply expresses the fact that T> n is essential. 

(b) Let 8 = 8 In , I G X n , y G R/I. Using Lemma 14.111 we may then choose 



S' = u«8l n 8° pH ■ ■ ■ 5 ptk u 



!J 



such that for each i the projections s ai 5' s* a% and u Xl s^d' 's* b .u~ Xi are orthogonal. This 
projection 8' will have the required properties. 

(c) follows immediately from (a) together with (b) using the fact that E(z) = d and 
that d8 is just a multiple of 8 (8 is a minimal projection in V n ). □ 
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Theorem 4.13. Let a : %[R] — > A be a *-homomorphism into any C*-algebra A. 
The following are equivalent: 

(a) a is injective. 

(b) a is injective on T> . 

(c) a is injective on T> n for each n. 

Proof, (c) implies (b) since T> n is essential in T> n for each n. 

(b) =>■ (a): Let h be a positive element in %[R] with a(h) = and z a linear 
combination as in 14.121 such that \\h — z\\ < e. Let 5' be a projection as in 14.121 (b) 
such that ll^'^'H > ||P(z)|| — e (and such that S'zS' is a multiple of 5'). If a(h) = 0, 
then Ha^'zJ')!! < e and thus also \\5'zS'\\ < e. It follows that ||P(/?-)|| < 2e. Since 
this holds for each s, E(h) = and, since E is faithful, h = 0. □ 

From this technical theorem we can derive the following important corollaries 14 . 1 4 f 4 . 1 6 1 
and I4TT71 

Corollary 4.14. The representation \i of%[R] on £ 2 (R/ 1) is an isomorphism. 

Proof. The restriction of \i to each T> n is injective by Lemma 4.6. □ 

Let T C C(£ 2 (R x R x )) denote the C*-algebra defined by the left regular repre- 
sentation of the semigroup R x R x (cf. section [2]). Given an ideal / in R we can 
define a projection e' T in C(£ 2 (R x -R x )) as the orthogonal projection on the subspace 
£ 2 (I x I x ) c £ 2 (R x R x ). Denote by u' x and s' a the operators defined by the left 
action of R and R x on £ 2 (R x R x ). Then it is easy to check that the u' x , s' a and e'j 
satisfy the relations defining %[R\. 

Lemma 4.15. (a) Every ideal I in R can be written in the form |i? R R with 
a,b e R x . 

(b) If I = tR D R, then ej = sls a s^Sb and, similarly, e\ = s b * s' a s*s' b . 

Proof, (a) Let Q and M be ideals such that I,Q,M are relatively prime and such 
that IQ, QM are principal, say IQ = aR, QM = bR. Then bl = IQM = IQ n 
QM = aRn bR. 

(b) One has bl = aR D and therefore Sbeis* b = s a s*s;,s^. Since this uses only the 
relations defining %[R], it also holds in T. □ 

This lemma shows that e\ G T, hence we obtain a natural homomorphism %[R] — >■ T 
by assigning s a i— >• s' a , u x !->■ e/ !->■ e^. 

Corollary 4.16. T/ie natural map %\R\ % is an isomorphism. 

Proof. The map is obviously surjective. To prove injectivity, suppose I G X n and 
x E R are given. Let Q G" {Pi, A, • • • , P n } be a prime ideal in the ideal class [J] -1 
and let a be a generator of the principal ideal IQ (for the existence of such a Q see for 
instance [17], chapter 7, §2, Corollary 7). Since the exponents of {Pi, P2, • • • , P n } in 
the prime factorization of aR are identical to those of J, the image of the projection 
Sj n fixes the canonical basis vector £( x ,a) ^ 2 (P x P x ) ; so it does not vanish. Hence 
the natural map is injective on D n for each n and therefore injective by Theorem 
14131 □ 
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Denote, as above, by Yr the spectrum of V. The semigroup R x R x acts on Yr in 
a natural way and this action corresponds to the canonical action of R x R x on T) 
by conjugation by the u x and the s a . We use the definition of a semigroup crossed 
product as in [12] . section 2, [Tjj], Appendix Al. 

Corollary 4.17. The algebra%[R] is canonically isomorphic to the semigroup crossed 
product (C(Y R ) x R) x R x . 

Proof. The generators e°j of C(Yp) together with the canonical generators of i?xi? x in 
(C(Yr) x R) x i? x satisfy the relations defining T[-R] , hence they determine a surjective 
homomorphism %[R] — )■ (C(Y#) x i?) x i? x . This homomorphism is injective on T> 
and therefore injective by 14.131 □ 



5. AN ALTERNATIVE DESCRIPTION OF Spec V AND THE DILATION OF %[R] TO A 

CROSSED PRODUCT BY K X K* 

We will give a parametrization of the spectrum of f>, along the lines of that obtained 
for the case R = Z in [91 [13], and use it to realize T[i?] as a full corner in a crossed 
product. Let Af denote the ring of finite adeles over K and let R be the compact 
open subring of (finite) integral adeles; their multiplicative groups are the finite 
ideles A^ and the integral ideles R*, respectively. 

For each integral adele a and each prime ideal P, let ep(a) be the smallest nonneg- 
ative integer n such that the canonical projection of a in R/P n is nonzero, and put 
€p(a) = oo if a projects onto G R/P n for every n. If a is a finite adele, then there 
exists d G R such that da G R, and we let ep(a) = ep(da) — ep(d). This does not 
depend on d. The group R* acts by multiplication on A/ and the corresponding 
orbit space Af/R* factors as a restricted infinite product over the set V of prime 
ideals in R 

Af/R* = | (e P ) pgp : e P G Z U {oo} and e P > for almost all P G v\ 

under the map a i— > (ep(a)) . This product can be viewed as a space of fractional 

superideals. The usual fractional ideals of K appear as the elements aR* G Af/R* 
such that ep(a) G Z for every P and ep(a) =0 for all but finitely many P. The zero 
divisors in Af/R* correspond to sequences for which ep(a) = oo for some P. The 
elements in R/R* correspond to superideals with nonnegative exponent sequences 
and are analogous to the usual supernatural numbers (see e.g. wikipedia), in fact 
indistinguishable from them as a space - the distinction will only arise when we 
consider the multiplicative action of K* on additive classes. For each a G Af the 
additive subgroup aR of Af is invariant under the multiplicative action of R*. 
We will say that two pairs (r, a) and (s, b) in Af x Af are equivalent if b G aR* 
and s — r G aR and we will denote by u r>a the equivalence class of (r, a). Since 
equivalence classes are compact the quotient 

Q Af := {u rA \a G Af, r G A/} 
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is a locally compact Hausdorff space, whose elements are pairs (r, a) with a G Af/R* 
and r G Af/aR. 

When a and b are superideals such that ep(a) < ep(&) for every P we write a < b. 
In this case bR C aR and there is an obvious homomorphism reduction modulo a 
of Af/bR to Af/aR; we will write r(a) for the image of r G Af/bR. When / and 
J are ideals of R viewed as elements of Af/R*, then I < J means J G I and the 
reduction defined above is the usual reduction of ideal classes R/J — > R/I. 

There is a natural action of K x K* on given by 

(1) ( m , k)<^r,a = U m+ kr,ka- 

The additive action (m, 0)u r ^ a = 0J m+rta is by straightforward addition of classes in 
Af/aR and the multiplicative action k (aR*) = (ka)R* on the second component is 
also straightforward, but the multiplicative action on the first component requires 
the homomorphism xk : Af/aR — > kAf/kaR = Af/kaR. 
Since the set R of integral adeles is a compact open subset of Af, the subset 

flfi := {ui rt a | r G R, a G R} 

consisting of integral elements is compact open in and is invariant under the 
action of R x R x . 

Proposition 5.1. The projection 1$^ is full in Co(^A f ) X K x K* and there is a 
canonical isomorphism 

C{tt k ) xRxR x ^l n . (Co(ft A/ ) x K x #*) 

Proof. Clearly (R X )~ 1 (R x i? x ) = x If*, so i? x R x is an Ore semigroup, and 
Ufcepx (0, is dense in because for every element u r , a G flA f there exist 

k G -R x such that kr G -R and /ca G R/kaR. By [SJ Theorem 2.1] the action of 
K x X* on Co(r?A / ) is the minimal automorphic dilation (see jS]) of the semigroup 
action of R x R x on C(fl^). The fullness of 1q a and the isomorphism to the corner 
then follow by [8j Theorem 2.4]. □ 

Proposition 5.2. Lei f mj fc wzt/i (m, k) G i? x i? x fre i/ie semigroup of isometries 
in C(Vtj^) x i? x i? x implementing the action of Ry\ R x . For each ideal I in R let 
Ej be the characteristic function of the set {u St b G £1^ \ b > I, s(b) G /}. Then the 
maps u x i — y v Xj i, Sk i-> "Wo.fc; one? e/ i-> Ej extend to an isomorphism of %\R\ onto 
C{Q A ) xRx R x . 

Proof. The set {u St b G : b > I, s(b) G /} is closed open because it is defined 
via finitely many conditions (ep(b) > £p{I) on the prime factors of I and s = 
(mod /)) each of which determines a closed open set; thus Ej is continuous. The 
relations Ta are satisfied because (m, k) — > v m ^ is an isometric representation of 
R x R x , and Tb holds because b > I and b > J if and only if b > I H J, and 
s(7) G / and s(J) G J if and only if s(I fl J) G / fl J. Computing with m = 
in equation ([1]) shows that multiplication by A; G i? x maps the support of Ej onto 
the support of Eki, hence relation Tc holds. Similarly, setting k = 1 in equation 
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(Op) shows that addition of m maps the support of Ej onto itself if m G I, and 
onto a set disjoint from it if m G" /, showing that relation Td holds. This gives a 
homomorphism h : %[R] — > C(O^) x P x P x . 

To show that ft is surjective it suffices to prove that the functions Ef := v X) iEiv~ X) i 
separate points in Q R . So let u^ a and co Sj b be two distinct points in fl R . If a ^ b, we 
may assume there exists a prime ideal Q such that eg(a) < cq(6) (otherwise reverse 
the roles of a and b). If we now let I = Q eQ ( b \ then E* takes on the value 1 at 
u St b but vanishes at u r>a . If a = b as superideals, since the points w rja and Co> Sj fe are 
distinct, there exists an ideal I < a for which r(I) ^ s(I), in which case the function 
E s ^ does the separation. 

Next we show that this homomorphism is injective on T> n for each n. Fix n, let I be 
an ideal whose prime factors are all in {Pi, P2, • • ■ , P n } and choose a class x G R/I. 
Choose a G / such that £p-(a) = £Pj(I) for j = 1,2. ••• ,n (if J is principal, a 
generator will do; otherwise adjust with a prime ideal Q ^ {Pi,P 2 , ■ ■ • ,P n } such 
that IQ is principal). Also choose r G R/aR such that r(Pj = x in P/P Then 
E^{uj r ^ a ) = 1, but E^ p -{uj r>a ) = for each j, proving that h(5j n ) 7^ 0. Hence ft, is 
injective on D n and the result follows by Theorem 14.131 □ 

As a byproduct we see that is an 'adelic' realization of the spectrum of T>. 

Corollary 5.3. We view each nonzero ideal I of R as an element a(I) of R/R* 
and, similarly, we view each x G R/I as a class r(x,I) in R/a(I)R = R/I. Then 
the map rjf (->■ u r (x,i),a(i) defined for (x,I) G \_\jR/I extends to a homeomorphism 
of the spectrum Yr off) onto Q^. 

Proof. From the proof of Proposition 15.21 we know that the isomorphism h maps 
the projection ef onto the projection Ef, giving an isomorphism of t> to C(Q^). To 
conclude that the homeomorphism ft -1 : Yr — > Q R induced by this isomorphism 
maps rjj to u r<a as stated, it suffices to evaluate 



for every ideal J in P and y G R/J, and to observe that the two results coincide 




(mod J) 



and 




(mod J) 



because r(x,I) = x (mod 7). 



□ 



6. K MS- STATES FOR (3 < 2 



Recall that for a non-zero ideal I in P we denote by N(I) the norm of J, i.e. the 
number N(I) = \R/I\ of elements in R/I. For a G P x we also write N(a) = N(aR). 
The norm is multiplicative, [19] . 
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Using the norm one defines a natural one-parameter automorphism group (crt)t<3& 
on X[P], given on the generators by 

a t ( u x ) = u x cr t (ej) = ej a t (s a ) = iV(a) ft s a 

(this assignment manifestly respects the relations between the generators and thus 
induces an automorphism). Recall that a /3-KMS state with respect to a one param- 
eter automorphism group (crates, is a state <p which satisfies <p(yx) = (p(xaip(y)) for 
a dense set of analytic vectors x, y and for the natural extension of (cr t ) to complex 
parameters on analytic vectors, [3]. Here KMS-states on %[R\ are always understood 
as KMS with respect to the one-parameter automorphism group a defined above, 
in which case the /3-KMS condition for a state (p on %[R\ translates to 

(2) ip(u x z) = p(zu x ) (p(ejz) = ip{ze{) ip(s a z) = N(a)~ fS p(zs a ) 

for a set of analytic vectors z with dense linear span and for the standard generators 
u x , ej, s a of %[R]. We will usually choose z to be a product of the form s* b du x s a 
with d ET>. We will use in the following the notation from section HI 

Proposition 6.1. There are no (3-KMS states on %\R\ for < 1. 

Proof. Given a G R x and x G R/aR, denote by e x the projection u x e a RU~ x . If we 
apply a /3-KMS state (p to the inequality 

xGR/aR x£R/aR 

using that = ^(a)"' 3 by 023 and that \R/aR\ = N(a), we obtain N(a)N(a)-' 3 < 

1, which implies /3 > 1. □ 

Lemma 6.2. Lei ip be a /3-KMS state for (3 > 1 on T[i?] and Zet ^ &e t/ie associated 
GNS-representation on H^. Then n^V^H^ is dense in H^, for each n. 

Proof. Fix n G N and let J be an ideal in T n . Since the class group for the field of 
fractions K is finite, there is k G N such that J k is a principal ideal, say J k = aR 
with aeR x . We have iV(J fc ) = N(a). 

The subspace L = r K (p {T> r) )H (p is invariant under all u x , x G -R. It is also invariant 
under all s c , s*, c G R x . The reason is that if cR = QS with S G X n and Q relatively 
prime to Pi, P2, • • • , Pn, then, according to Lemma 14.111 for every / G X n we have 
s c 6fs* = 6 c s ^u cx e Q u- cx ) < 5 c s x j G V n . 

Denote by E the orthogonal projection onto L L . Then 1 — E is the strong limit 
of -Ky{h l l n ) where h is a strictly positive element in T> n . Therefore <pe defined by 
We^z) = (Ett^^z)^]^), for the cyclic vector £ v in the GNS-construction, is a (3- 
KMS functional (consider the limit n — > 00 of the expression (p((l — h 1 ^ n )xaif3(y)) = 
(f(y(l — /i 1 /™)^) using the fact that E commutes with y). Consider the restriction p 
of tt v to L 1 - . Then p{V n ) = 0, whence p(l — fjk) = 0. 
It follows that 

p(l)= P{u x s a s* a u~ x ). 
xeR/J k 
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This implies that <£>e(1) = N(J k )ip E (s a s* a ) = N(a)ipE{s a sl). On the other hand 
the fact that tpE is /3-KMS implies that <£>e(1) = ^E{.s* a s a ) = /V(a)^e(s a s*). Since 
> 1, it follows that ^(l) = and hence E = 0. □ 

Lemma 6.3. Let if be a (3-KMS state for 1 < /3 < 2 on T[i2] and /ei I be a fixed 
ideal in R. Then tonds to for n — )■ oo. 

Proof. Consider again the GNS-representation Tr^ on if^. Let 5/ denote the limit, 
in the strong operator topology, of the decreasing sequence (^(5° n )) as n — > oo. 

By Lemma WI\ the projections n^^s^di tx^s^u^) are pairwise orthogonal for 
a G R x /R*, x G R/aR. If we let denote the vector state extension of if to C(H V ) 
we have 

£ < = 1. 

aeR x /R*,xeR/aR 

However, since (p is normal we have lim^oo V 9 (^?p 1 p 2 ...p n ) = <p($i) an d since ip is 
/3-KMS, it follows that ^(u x sA<n~ x ) = N{a)-^(5 I ). Thus 

^ iV(a)iV(a)-' 3 < 1, 

a£R x /R* 

The series on the left hand side represents the partial Dedekind (^-function, corre- 
sponding to the trivial ideal class, at — 1. Thus, by [19], Theorem 5.9, it diverges 
for — 1 < 1. Therefore the inequality above implies <p>(5i) = 0. □ 

Lemma 6.4. Let (p be a (3-KMS state on %[R] and let I, J G X„ be two ideals in R 
in the same ideal class. Then, for any x,y G R, 

and 

v(e IPl P 2 ...P n ) = Nilf^Nijf-^iejp^..^). 

Proof. If al = bJ then N(a)N(b)- 1 = iV(/)- 1 A^(J) and, by Lemma EH s a 6 I n s* a = 
s bfijn s t- Therefore 

¥>(*?,„) = ¥>(*?,») = NiafipisJlX) = N(af<p(s b Sl n st) = N(a^N(br^(8 J>n ) 
and 

<P(8f,n) = N(I)-?N(jy<p(5l n ). 
Summing over x G R/I and y G R/J gives the second statement. □ 

Lemma 6.5. Let tp be a (3-KMS state for 1 < (3 < 2 on %[R). Let V be the 

canonical subalgebra of %[R) generated by all projections u x eju~ x and let d G V. 
Then ip{s* a du y s^) is zero except if a = b and y = (in which case the argument 
s* a du y Sb is also an element in T>). 
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Proof. Suppose first p — 1 and let <p be a 1-KMS state; then for each c G R x and 
a; G R/cR we get <^(e^) = ip{u x s c s* c u~ x ) = N^c)^ 1 , whence Y^x^r/cR ^( e c) = 1 anc ^ 




(3) = ( E < 

V x£R/cR 

for each z G Again, let 2 = sldu y Sb] then 

where the product e^e^ +y is nonzero if and only if (ax + acR) fl (bx + y + bcR) 7^ 0, 
which implies 

(4) (a — b)x = y mod cR. 

Suppose z ^ f>, then either a / & or else a = b and ?/ ^ 0. In the first case choose 
c G i? x with cR relatively prime to (a — b)R\ then there is a unique a; G R/cR for 
which (j3J) holds. In the second case, choose c G -R x with ci? relatively prime to y; 
then (jl]) has no solutions in x. Thus for z ^ P there is at most one x G R/(cR) 
such that (^(e^ec) 7^ 0, and from equation ([3]) we obtain 

Since N(c) can be chosen arbitrarily large this shows that (p(z) = 0. This proves 
that (f(z) 7^ only if a = b and y = in the case /3 = 1. 

Suppose now that 1 < /3 < 2. It follows from Lemma T6.2I and from the normality of 
the vector state extension of <p to C(H 9 ) that for all z G %\R\ and n G N, we have 



(5) *>(*) = E 

Working this out for z = s^du y Sb, where we may assume that n is so large that 
aR, bR G X n , we find 

and this expression (call it zf) does not vanish only if al = bl, i.e. if a = gb for a 
unit g G R*. We have to consider only that case. 

Assume first that g — 1. Then Zj 7^ only if for = 6a; + y mod al, that is, only if 
y G 6/. For a fixed y 7^ this last condition is satisfied only for the finitely many 
ideals I m R such that bl divides yR, Thus, if y 7^ 0, in the sum (jSJ) there are at 
most a fixed finite number (independent of n) of non-zero terms and each individual 
term is bounded by <p(5j n )\\z\\, which is arbitrarily small for large n by Lemma [6731 
whence f(z) = 0. 

Assume now that g 7^ 1. Then z x 7^ only if x satisfies (g — l)bx = y mod 6/. Let 
.D := gcd(J, (g — 1)R). If 7/ ^ &.D, then there is no such x. Assume thus y G 6-D, 
and write y = by' with y' E D. The nonzero terms in the sum ([5]) may only arise 
from x and J such that (g — l)x = y' mod /. Notice that multiplication by (g — 1), 
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viewed as a map R/I R/I is iV(D)-to-one. Since N(g - 1) > N(D), N(g - 1) is 
a uniform bound on the number of solutions x of the equation (g — l)x = y' mod J. 
Thus, for each ideal I there are at most N(g — 1) classes x + / in such that 
7^ 0. Choosing a reference ideal J 7 for each ideal class 7 and using Lemma [6.41 
we can transform (JSJ) into an estimate 

lv(*)l<£ E Nig-miir^NiJ.f^JWzW. 

7 /ex„n7 

Since the series for all the partial Dedekind ^-functions converge for /3 > 1 and since 
each <f(Sj n ) —> as n —> 00 by Lemma [673| we conclude that ^(2) = unless a = b 
and y = also for 1 < /3 < 2, completing the proof. □ 

As a consequence of this lemma, in order to know ip, it suffices to know its values 
on f>. Moreover, for 1 < < 2 it suffices to know ip on T> n for all n, by Lemma [6.21 

Theorem 6.6. Let < a < 1. For eac/i idea/ c/ass 7 and /or eac/i n £ N we sei 
(7(0") = Yuiez n7^(-^) _<T - ^ en / or an y t wo ideal classes 71,72 the quotient 



tends to 1 as n — > 00. 

We postpone the proof and give it in the appendix. 

Theorem 6.7. For each (3 with 1 < (5 < 2 there is exactly one (3-KMS state (pp on 
%[R\; it factors through the canonical conditional expectation E : %[R] —> V and it 
is determined by the values 

(6) V/3( e z) = N(I)^ 13 with I an ideal in R and x £ R/I. 

For /3 — 1 the state (pp factors through the natural quotient map %[R] — >■ 

Proof. Suppose <p is a /3-KMS state. Lemma 1631 implies that </? factors through the 
conditional expectation E : %[R\ — > T> for 1 < /3 < 2. 

The next step is to show that ([6]) holds. Since the linear combinations of the pro- 
jections ef := u x eiu~ x are dense in T> and since p(u x eiu~ x ) = <p(ei), this will yield 
the uniqueness assertion. The argument for (3 = 1 is easier and we do it first. 
Assume first (3 = 1 and let ip be a 1-KMS state. If J is any (non-zero) ideal in R, 
then 

1 = <p(l) >p(J2 e*) = N(lMej) 
xeR/i 

and if aR C / and y £ R/I, then 

p( e y) = <p( ei ) > £ = (N(a)N(I)-i)N(a)-i = N(iy' 

xel/aR 

For the identity on the right hand side note that <p(e%) = N(a)' 1 and that \I/aR\ = 
N{a)N(iy l . We conclude that tp{(%) = iV(J)- 1 , so © holds for /3 = 1. 
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It is obvious that such a state (p satisfies <p(fp) = 1 and hence vanishes on the 
projections of the form Bp that generate the kernel of the quotient map q : Z[R] — > 
2l[i2] as an ideal, so <p factors through this quotient. It is now easy to prove existence 
of a 1-KMS state. From Section 4 of [5] , and the fact that q intertwines the canonical 
conditional expectations on %[R] and on 21 [i?], we know that the image of T> in 21 [i2] 
under q is naturally isomorphic to C(R) (R being the profinite completion of R). 
If we let Ai be the state of C(R) given by normalized Haar measure on R, an easy 
computation shows that (pi := Ai o E o q satisfies the 1-KMS condition from (J2J). 
This finishes the proof in the case (3 = 1. 

Assume now 1 < (3 < 2 and let (p be a /3-KMS state. Using Lemma 14. 7\ for the 
particular element ej of T> n , with I G X„, and working in the GNS representation 
tt v of ip we obtain the formula 

(7) 7iv(e/)= E Mfyn), 

J€X n ,.JCl,x£l/J 

with strong operator convergence by Lemma 16.21 We know from Lemma 16.41 that 
for J, L G X n in the same ideal class we have 

f(Sl,n) = N(L)^N(Jr<p(8l n ) 
Thus, for an ideal class 7 in the ideal class group V for R, the expression 

«W = N(Lfcp(5l n ) 

does not depend on the choice of an ideal L G 7 fl X n . Using the vector state 
extension (p of to handle the infinite sum we obtain 

(8) 1 = = E ^ fB ) = E N{I) V {8l n ) = J2^ n) w - 1) 

iei n ,x£R/i iei n 7Gr 

On the other hand, using ([7j) and computing with (p again, we see that 

¥>(*/) = E W = E «f J " ) iV(/)- 1 iV( J) 1 "^ = E «^ ] iV(/)" 1 iV( J L/) 1 - /3 

JCl,x&I/J Jdl L 

= E ^ar^L) 1 -^ = jv(/)-^ e ^^w 1 ^ 

= iV(J)-^4^ ) (/3-l). 

Dividing by the right hand side of equation ([8]) above and using Theorem 16.61 we 
see that this last expression converges to N(I)' 13 as n — > 00, proving that holds 
when 1 < (3 < 2. 

Let us now prove existence in this case. Since T> n is essential in T) n there is a 
natural embedding 2\ ■=— >■ t°{^ecV n ) and we know that SpecD n = \_\ IeTn R/I. 
The minimal projections in V n are the 8 I n1 I G X n , x <E R/I. Thus any <i in P n is 
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represented by an £°°-function (I,x) Af(c?) uniquely defined by d5f n = Xj(d)5f n 
on SpecV n . Notice that for d G V n one actually has d = ^2tf(d)5j n . 
We define a state (p n on V n by 

One obviously has (p n (u x du~ x ) = <p n (d). Since Af(s ds*) = Aj(<i) if / = a J and a; = 
ay, and Af (s a ds*) = otherwise, Lemma l4.11l implies that ip n (s a ds*) = N(a)~^(p n (d) 
for a in R x with ai? G Z n . Since we also have <£> n+ il25 n = (p n , the sequence determines 
a state y?oo on P = Un^- We define a state on %[R] by = ip^ o where 
i£ : %[R] — > T> is the canonical conditional expectation. Then for an element z = 
s* a du x Sb one has 

(pp(s c z) = N(c)~P(pp(zs c ) (Pf3(u v z) = <pp{zu y ) tppid'z) = <pp{zd') 

for c G R x , y G i?, d! G P. This suffices to show that ^ is 0-KMS. □ 

Remark 6.8. Note that the above construction of the state tp^ of T> and thus of 
ifip carries through for all > 1. Note also that the state v?oo of P is the infinite 
tensor product state <^oo = <S>p¥>p over all prime ideals P in i? of the states ipp 
defined on V P by 

, „ _ E„> Mes/ p- ^(d)JV(P)-^ 

for d = X^A^fm. For — 1 one takes y?p to be induced from normalized Haar 
measure on the P-adic completion Rp. 



7. KMS-STATES FOR > 2 

The basis for the study of KMS-states in this range is the natural representation \x 
of %\R\ on the Hilbert space 

H R = f(R/I) 

I ideal in R 

which has been used already in section HJ 

Let Ei denote the projection onto the subspace i 2 (R/I) of H and define the operator 
A on H by A = Y2i N(I)~ l £j. Then A commutes with fi(u x ) for every x G R and 
Afi(s a ) = A^(a) _1 yu(s a )A, hence the dynamics a is implemented spatially by the 
unitary group t i— > A it . Since tr(A^) = ((0 — 1), the operator A^ is of trace class 
for > 2 and 

^) = Tr(/i(^)/C(/3-l) 

defines a 0-KMS state cp for each > 2. Denote by T the ideal class group of our 
number field K. The Hilbert space H splits canonically into a sum of invariant 
subspaces H = @ r H y , where H 1 = ® Jg £ 2 (R/I). Denoting by /i 7 and A 7 the 
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restrictions of fi and A to iJ 7 we obtain a decomposition of (p as a convex linear 
combination: 

Y- C 7 (/?-i) 

^ C(/3-l) ^ 

7 er 

in which the /3-KMS state <£> 7 associated to the class 7 is defined by 

V, 7 (z) = Tr(M^) 7 A?)/Tr(A?), 

where Tr (A^) is the corresponding partial zeta function (-,((3 — 1). We will see below 
that this family of /3-KMS states on parametrized by T consists of different 
states. 

To obtain the most general KMS-state, we have to consider a more general family 
of representations of T[-R] . We fix temporarily a class 7 in the class group T and we 
choose a reference ideal J = J 7 in this class. 

Let r be a tracial state on the C*-algebra C*(J x R*), where the semidirect product 
is taken with respect to the multiplicative action of the group of invertible elements 
(units) R* on the additive group J. Note that these traces form a Choquet simplex 
|21j . By [THl Corollary 5] the extreme points can be parametrized by pairs in which 
the first component is an ergodic i?*-invariant probability measure fi on the compact 
dual group J on which the isotropy is a constant group /i-a.e., and the second 
component is a character of that isotropy group. 

Denote by (Hj,tij,^j) the GNS-construction for r, with Hj = L 2 (C*(J x R*),r). 
If I is another integral ideal in the class 7, then there is a 6 K x such that I = aJ. 
Multiplication by a induces an isomorphism J —¥ I which commutes with the action 
of R*, hence (j, g) 1— > (aj, g) induces an isomorphism of groups J x R* = I x R* and 
of C*-algebras C*(J x R*) = C*(7 x R*). The trace r a on C*(I x R*) obtained from 
r via this isomorphism is given by T a (£( Xj9 )) = T(5( a ~i Xig )) where 8( x , g ) runs through 
the canonical generators of C*(J x R*). If a J = bJ, then ab~ l = g £ R* and for 
every Sy t9 >) in C*(J x R*) we have 

so r a does not depend on the choice of such an a, and we denote it simply as 17. From 
the isomorphism J x R* = I x R* we obtain an isomorphism Hj — > Hj intertwining 
the representations 7Tj and 717, in which the cyclic vector £j £ -ffj is mapped to the 
corresponding cyclic vector £ Hj. 

The representation 77 of C*(J x R*) can be induced to a natural representation 
(which we also denote 77) of C*(R x i?*) on 

£ 2 (it!/7, Hj) - {/ : i? -> + y) = 7rj(iO(/(y)), x £ /}. 

Lemma 7.1. T/ie direct sum representation ir T := @ Iei ^i of C*(R x R*) on the 
Hilbert space 

H T = Q)e(R/I,H I ) 

extends to a representation of ^[R] on the same Hilbert space. 
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Proof. To simplify the notation let U x := n T (u x ) for x G R and S g := 7r T (s 9 ) for 
g G R*. We may view the cyclic vector £/ G iTj as a vector in £ 2 (R/I, Hj) (supported 
on the trivial class) which is cyclic for the action of C*(R x R*) on £ 2 (R/I, Hi). 
Next we define S a for a G R x . By [HJ Lemma 1.11] there exists a multiplicative 
cross section of the quotient R x — > R x /R* and thus we have a homomorphism 
tz i — y Qj of i? x into itself such that for each a G R x there exists a unique g G R* with 
a = ag. 

First we define S a for a in the range of the cross section by 
for x G R and w £ R*. Since 

i j i j 

= J2{S* W] U-^U^S w Xal\^al) 

hj 

T~ aI (u^-^S Wi S* Wj ) 

{i,j-.Xi-Xj£l} 
{i,j-.Xi-Xj£l} 

= (»r " .vo ^r ; r" ,s„,o) 

* j 

because rj and raj are traces satisfying Tai(u x s w ) = Tj(u a x s w ) : the map Sa is 
isometric on a dense set and thus extends uniquely by linearity and continuity to an 
isometry 5a of £ 2 {Rjl , Hj) into £ 2 (R/aI , Hai). For general a G i? x we simply write 
a = ag and we let S a := S&Sg. 

For an ideal L C R, we view £ 2 (L/I, Hj) as the obvious subspace of £ 2 {Rjl , f/j) 
and we define to be the orthogonal projection onto © /g7 IcL £ 2 (L/I, Hj). 
It is easy to verify that S is a representation of the semigroup R x by isometries and 
that E is a family of projections representing the lattice of ideals of R, such that U, 
S, and E satisfy the relations defining %[R]. Hence there is a representation \x T of 
X[i£] such that n T {u x ) = U x , /i T (s a ) = S a and /i T (ej) = £7j. □ 

We can use the representation \i T to define a /3-KMS state as follows. Let £j denote 
the orthogonal projection onto the subspace £ 2 (R/I, Hj) and define a positive oper- 
ator A on H T by A = ^A^(/) -1 ^/. Since A commutes with U x and with Ej, and 
since AS a = N(a)S a A, the unitary group t !->■ A 1 * implements the dynamics, just 
as in our initial example, but when Hj is not finite dimensional, the operator A' 3 
is not of trace class. Nevertheless, we have ^ 7ey xe R/i(^U x ^i \ U x ^i) = £ 7 (/3 — 1), 
and setting 
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(9) fiA z ) = 



yields a /3-KMS state for each f3 > 2, by p. 

As before, let Pi,P2,... be an enumeration of the prime ideals in i£. When p 
is a given representation of T[i2], for each ideal I in i?, let ej denote the strong 
operator limit of the decreasing sequence of projections p(eip 1 p 2 ...p n ). The ij form 
a family of pairwise orthogonal projections. Similarly, let Si be the strong limit of 
the decreasing family of projections p(S In ), as in the proof of Lemma I6\"5| and let 

5 J := p{u x )5ip{u~ x ). If / and L are ideals in R, then 



(10) Sfp(e L ) 



5j if I C L and x G L/J 
otherwise, 



To see why, observe that as soon as n is large enough that {Pi, P2, • • ■ , P n } contains 
all the prime factors of I and L, S In eL = 5 In if I C L and x e L/J, and is 
otherwise, from the description of T> n in Lemma 14.71 



Lemma 7.2. Let p T be the representation constructed in Lemma 7.1 from a trace r 
on C*(J 7 x R*), and let U x := p T (u x ) and S a := p T (s a ). Suppose I is an ideal in R 
and x G R; 

(i) if I G 7, i/ien U x 5iU~ x = U x Ej£iU~ x , the projection onto U x Hj; 

(ii) ifl^j, then XJ x ~b~iU~ x = 0; and 

(iii) t/ie trace t is retrieved from y? 7jT by conditioning to Sj : 

T{u x s g ) = N{J 1 YC 1 {P-l)^Ah 1 U x S g ~5 Ji ) xGJ 7 , geR*. 

Proof. For part (i), notice that when / G 7, then = £7 := lim^oo p T (eip 1 p 2 ...p n ), 
then multiply by £7 and translate with x G Rjl. 

For part (ii), recall that if / and V are different ideals, then the projections Sf and 
5 j, are mutually orthogonal. Since the Hilbert space H T = Q) Ie ^£ 2 (R/I , Hi) is 
generated by the ranges of the projections Sf with I G 7 and x G -R/I, it follows 
that <5>j,' = whenever /' ^ 7. 

Finally, notice that Hj i viewed as a subspace of H T is invariant for the action of 
C*(J 7 x R*) and, by construction, the restriction of p T to C*(J 7 x i?*) and to this 
subspace is the GNS representation of r, with cyclic vector £j . Since 5j 7 = Ej i £j i 
is the projection onto i?j 7 , the sum in equation ()9]) has only one term, giving the 
identity in part (iii). □ 

It turns out that to parametrize the /3-KMS states in the region /3 > 2 all we need 
to do is combine states constructed from different ideal classes. 

Theorem 7.3. Suppose j3 > 2 and choose a fixed reference ideal J 7 G 7 for each 
7 in the class group T of K. For each tracial state r of © 7 C*(</ 7 x R*) write 
c 7 r 7 as a convex linear combination of traces on the components and define 
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ip T := c 7 <^ 7)7 - 7 using equation ([9]). Then the map t ip T is a continuous affine 
isomorphism of the Choquet simplex of tracial states of © 7 C*(J 7 x R*) onto the 
simplex of j3-KMS states for %[R]. 

Going in the opposite direction, the ^-component of the trace r corresponding to a 
given (3-KMS state <p is obtained by conditioning (the vector state extension of) <p 
to S Jy , 

c 7 r^(u x s g ) := N{J n )%{p - 1)^^^^), 
where c 7 := N(J^^((3 - l)<p{8jj- 

Proof. Since <p ltT ~, is a /3-KMS state for each 7, so is tp T = J2 y c 7 v? 7iTV To see that r 

is obtained from ip T by conditioning to <5/ 7 , assume c 7 7^ (otherwise skip 7). Then 
Lemma [7.2( iii) implies that 

c 7 t>%) = N(J y )%{fi - l)<p 7 ^(5j,U x S g 5 Jy ) 

which is equal to iV( J 7 ) /3 ^ 7 (/3 — l)ip T (8jU x S g 8j) by Lemma IT^l fii). This proves 
that the map r y ip T is injective. Next we show it is surjective. 

Suppose cp is a /3-KMS state and let %[R] be represented on H v in the GNS- 
construction for <p. As usual, we denote by dp the vector state extension of ip to 
C(Hy), and we also write ir v (u x ) = U x , ir^Sa) = S a for simplicity of notation. 
We show next that © 7 £7(-£^) = H v . Using Lemma l6\2l we obtain, as soon as / is 
in the semigroup X n generated by Pi, P2, • • ■ ,P n , 

/ez„ 7 er /ex„n 7 

where, according to Lemma 16.41 

^iftft-iv) = iV(J 7 ) /3 " 1 iV(/) 1 -^(e j7 p 1 p 2 ...pJ 

for / e X n fl 7. In the limit n — >• 00 this gives 

<p(l) = ^^r 1 ^- 1)^) = J>( J^Cy^ - 1)W 
7 er 7 er 

where £ 7 is the partial ^-function ( 7 (t) = J2ie-/ -^(-0~*> which converges for i > 1. 

Let F denote the orthogonal complement of Q)j £i{Hip) and if) the restriction of (p 
to ^(Tfi?])!^. Since ip is again a /3-KMS functional (see [3], 5.3.4 and 5.3.29) and 
since the Fej i F = 0, the above identity applied to if) shows that if>(F) = and thus 
F = 0, proving ®jii(H v ) = H^. 

Since J] 7e r E/e 7 Y. x &r/i $1 = E 7 erE/e 7 ^ = 1 in the GNS representation of <p 
and since <5J is in the centralizer of <p>, we have 

(ii) p(-) = p(-E^) = EEE ^ ■ 

7,Z,x 7 Gr /G 7 xGR/I 
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The projection 5j commutes with U x S g for x G I and g G R*, hence the canonical 
map u x s g i — y 5iU x S g 5i determines a homomorphism of C*(I x R*) to the corner 
5j%[R]5i. This homomorphism is surjective because 

hsidiPStSj = s*J aI 6 y bI duys b 

is nonzero only if al = bl and y G al = bl, i.e. only if b = ga for some g G R* 
and y' = y/a G J, in which case the whole expression reduces to SjZdU y S*Sb = 
z d 5iU y> S g , where z d is a scalar. 

Next we show how to recover each <p(S x ■ 5 X ) from <p(5j ■ 5 X ). For each / G 7 there 
exist a/ and bi in R x such that (a//6/)J 7 = J. By Lemma [4.111 

§ := E/^ET* = u'^Safasz^u-*. 

Using the KMS-condition we obtain 

= N(a I /b I )-fi<p(6 J XAi u ~' ■ VfySjjJ 
= NiiyPN^f^S^U-* ■ U*S* bl SjjJ. 

Notice that the choice of a/ and bj does not affect the result because of Lemma 
18.61 and because for g G R* the unitary S g commutes with 5 j i and centralizes (p. 
Hence every /3-KMS state for > 2 is determined by the collection of conditional 
functionals {<^(<5j 7 • <5j 7 ) | 7 G T}. 

The state ip gives rise to traces as follows. First let c 7 := A^(J 7 )^C 7 (/9 — l)<p(6j y ) 
and recall that c 7 = 1 from above. When c 7 7^ 0, set 

c^{u x s g ) := iV(J 7 )/ ? C 7 (/3 - l)<p(6jiU*S a 6 Jy ), 

which defines a tracial state r 7iV on C*( J 7 x by the KMS condition. This shows 
that the given /3-KMS state ip arises as ip T from the trace r := X] 7 c 7 r 7,v that it 
determines on © 7gr C**(</ 7 x R*), proving the surjectivity of the map r h-> </? T . 
The map y 1— )■ r is clearly affine and continuous in the weak*-topology, and since 
the spaces of traces and of /3-KMS states are compact Hausdorff, the map is a 
homeomorphism. □ 

Remark 7.4. (1) Our parameter space of traces is obviously not canonical be- 
cause it depends on the arbitrary choice of representative ideals J 7 in each 
class. However, the traces are determined up to canonical isomorphisms of 
the underlying C*-algebras, as discussed at the beginning of the section. 
(2) The /3-KMS states can be evaluated explicitly on products of the form 
s a e z jU y Sb, since these have dense linear span, this characterizes <p T . Assume 
first r is supported on a single ideal class 7 G T. By (J9]) we may assume 
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a~ 1 b — g G R*, for otherwise (p T (s* a e z jU y s b ) = 0. Then 



1 


C 7 (p - 


1) 


1 






1) 


1 






1) 


1 






1) 


1 






1) 



-TS7 xGR/I 



I&7 xER/I 



l£-y xGR/I 



^riyE E N{i)-e{s:u-™E' J ir>+**s a s a t I \t I ) 

' /£7 xeR/I 

^"77 E E ^(^^(^-^^^"^^a/ka/). 



The nontrivial contributions come from terms with 
z — ax G J, 

y + a(g — \)x G al and 
al C J. 

Thus, recalling that £ j is the cyclic vector for the GNS representation of tj 
(the notation is from the construction leading up to Lemma 17.1 p . the sum 
reduces to 

^fe'A) = 7 7 /_ n E E ^(-O-^Cu^^^) 
vyvP / ley,aIcJ xePi 

where Pj := {x G P/7 | ax — z G J/J, y + ax(g — 1) G J}. 
If we now start with a trace r = ^ 7gr c 7 T 7 , then the values of the corre- 
sponding /3-KMS state are given by 



7£r I&7,aIcJ x&Pr > 



(3) The oo-KMS states are, by definition, the weak-* limits as (3 — > oo of (3- 
KMS states, and they too can be computed explicitly, by taking limits in 
the above formula. Notice that — as /3 — )• oo, except when I is 

norm-minimizing in its class, in which case the limit is k~ l (with /c 7 the 
number of norm-minimizing ideals in the class 7). Thus, oo-KMS states are 
still indexed by traces r = Y^ 7 c 7 r 7 of @ 7 C*( J 7 x R*), and are given by 

7er IEJ, alcJ x&Pj 

where the sum is now over the subset 7 of norm-minimizing ideals in 7. 
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Remark 7.5. As a much simpler "toy model" for the dynamical system (X[i2], (07)) 
we can also consider the Toeplitz algebra T[i? x ] associated with the multiplicative 
semigroup R x of R, i.e. the C*-algebra generated by the left regular representation 
of this semigroup. It is generated by isometries s a , a G R x and carries an analogous 
one-parameter automorphism group (cr x ) defined by cx x (s a ) = iV(a) jt s a . Since R x 
is a split extension of R x / R* by R*, [HJ Lemma 1.11], we see that T[-R x ] is the 
tensor product of C*(R*) and the Toeplitz algebra 1[R X / R*} for the semigroup 
R x I R* of principal integral ideals. In the case where R is a principal ideal domain, 
T[i? x ] is then simply an infinite tensor product of the ordinary Toeplitz algebras (i.e. 
universal C*-algebras generated by a single isometry) generated by the isometries 
associated to the primes in R, and of C*(R*). In this case the situation is nearly 
trivial. An easy exercise shows that the KMS-states for each (3 > are labeled by 
the states of C*(R*). 

However, in the case of a non-trivial class group, we obtain a non-trivial C*- 
dynamical system, essentially, because there is an 'interaction' between the classes. 
The methods and results of the last two sections (including Theorem 5.6) immedi- 
ately lead to a determination of its KMS structure. One finds that for /3 = there 
is a family of 0-KMS states (a-invariant traces) indexed by the cx-invariant states 
on C*(K X ) (such a state has to factor through the quotient of %[R] where each 
of the generators s a becomes unitary - this quotient is exactly C*(K X )). For each 
j3 in the range < /3 < 1 the /3-KMS states correspond exactly to the states of 
C*(R*) (there is a unique /3-KMS state on %[R X /R*] which can be combined with 
an arbitrary state on the tensor factor C*(R*)). For each in the range 1 < < 00 
the simplex of KMS states splits in addition over the class group T. Thus the KMS 
states in that range are labeled by the states of C*(R* x T). 

We note that it is known that the class group T for K is determined already by 
the semigroup R x . In fact V coincides with the semigroup class group defined by 
the ideals in this semigroup (i.e. the subsets invariant under multiplication by all 
elements), cf. section 2.10]. 

8. Ground states 

Recall that a state i/3ona C*-dynamical system (SB, (a t )tm) is a ground state if and 
only if the function 

z 1 — y <p(w a z (w')) 

is bounded on the upper half plane on a set of analytic vectors w,w' G SB with dense 
linear span. 

Proposition 8.1. Let tp be a state of%[R\. Then the following are equivalent: 

(1) (p is a ground state; 

(2) for all d G V, a,b G R x , x G R and w G Z[R] we have ip(w s* a du x s b ) = 0, 
whenever N (a) > N(b); 

(3) fora,b G R x , x G R, we have ip(s* b u x s a s* a u~ x s^) = 0, whenever N (a) > N(b) 
(note that the expression under if depends on x only via its image in R/aR); 
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Proof, (p is a ground state if and only if the function 

z i — y ip{w a z (w')) 

is bounded on the upper half plane on a set of analytic vectors w,w' G Z[R] with 
dense linear span. We may choose w' of the form s* a du x s b . 
We have 

<p(wa z (s* a du x s b )) = N(b/a) iz v(w(s* a du x s b )), 

This function is bounded on the upper half plane if and only if it vanishes when 

N{b/a) < 1. This proves that (1) and (2) are equivalent. 

By the Cauchy-Schwarz inequality (2) is equivalent to the fact that 

<p((sldu*s b )*{sldu*s b ))=0 

for all a, b, x, d. However (s* a du x s b )*(s* a du x s b ) < \\d\\ 2 slu x s a s*u~ x s b . This shows that 
(2) and (3) are equivalent. □ 

We will see that the ground states on %[R] are supported on projections correspond- 
ing to what we call "norm-minimizing ideals" . We say that an ideal / in R is norm- 
minimizing if for any other ideal J in the same ideal class we have N(I) < N(J). The 
use of norm-minimizing ideals was suggested by work in preparation by Laca-van 
Fr ankenhuij sen . 

Recall from Lemma 14.151 (a) that every ideal I in R can be written in the form 
fRHR with a,be R x . 

Lemma 8.2. (i) If a product J = IL is norm-minimizing, then so are I and L. 
(ii) The prime ideals that are norm-minimizing generate the ideal class group. 
(hi) If I = r-R H R is norm-minimizing, then N(a) < N(b). 

Proof. The proof of part (i) is obvious and (ii) follows easily from (i). To prove (iii) 
observe that for each I = tRHR, the integral ideal I' = -I = RD-R is in the same 
class and N(I') = N(b)N(a)~ 1 N(I). Thus, if I is norm minimizing, necessarily 
N^N^a)- 1 > 1 □ 

Lemma 8.3. Let (p be a ground state of%[R\. Then y(ef) = for each ideal I in 
R which is not norm-minimizing and for each x G R/I. 

Proof. If / and J are two ideals in the same ideal class, then there exist integers 
a and b in R x such that bl = aJ, so ej = sls a ejsls b . Assuming that J is norm- 
minimizing but / is not, then N(a) > N(b) by Lemma l5T2T iii). so we may use part (2) 
of Proposition 18. II on the product {u x s* b s a ej) (s* a s b u~ x ) = e x to finish the proof. □ 

In particular, the above proposition implies that tp(e x P ) = for each prime ideal P 
which is not norm-minimizing and for each x G R/P. Thus ^p{sp) = y?(l — fp) = 1 
for such ideals. To take advantage of this feature, we will order the prime ideals in R 
in such a way that P\ , . . . , P^ are norm-minimizing while all the other prime ideals 
Pk+i, Pk+2, ■ ■ ■ are n °t- By Lemma l^2T ii) the (finite) set T k of norm-minimizing 
ideals in the semigroup generated by the Pi, . . . , is in fact the finite set of all 
norm-minimizing ideals of R. The projection ex k '■— ^2j e x k £ iPi-p k corresponding to 
the norm-minimizing ideals will be the key to our characterization of ground states. 
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Lemma 8.4. Let (p be a ground state of%[R] and assume n > k so that Pi, . . . , P k 
are norm-minimizing while Pk+i, Pk+2, ■ ■ ■ > P n are n °t- If £ x k '■= S/ez £ iPi-P k > then 
^(ex M e Pk+1 p k+2 ...p n ) = 1. 

Proof. Recall the minimal projections S x n G V n , for / G X n , x G R/I, introduced in 
Section HI Since £/p 1 p 2 ...p n = Ylx^R/i^i,n f° r eacn I e ^ni we have 

( 12 ) £ Xk £ P k+1 P k+2 -P n = E 

ieXk^eR/i 

which is a projection with finite support in Specl\. In view of Lemma [8.2( i). the 
complement of the support is covered by the supports of the e x 3 with J G X n \ l k 
and x G R/J. By Lemma [8731 we conclude that 

E <^)< E ^(0 = 0. 

l€Xk,x&R/I j£Tri\lk,x£R/J 

finishing the proof. □ 

We will now consider %[R\ in its universal representation. Thus let S be the state 
space of %[R] and let n s = ©j e s ?!/ be its universal representation on the Hilbert 
space Hs = ®/ e s Hf- We will from now on assume that T[i?] is represented via lis 
and we will omit the its from our notation. 

If ip is a state of Z[R], we denote by <p its unique normal extension to the von 
Neumann algebra generated by %[R\. 

We write 5j, 5], ij for the strong limits, as n — )■ oo, of the monotonously decreasing 
sequences of projections £p n , 5 In and eip 1 p 2 ,„p n , respectively (recall that <5p n := 5? n ). 

In the representation \i used in section HI the projection 5 X is represented by the 
projection onto the one-dimensional subspace of £ 2 (R/I) corresponding to x G R/L 
It is therefore non-zero. 

We also consider the projection E defined as the strong limit of the sequence of 
projections ex k sp k+1 p k+2 ...p n - Equation f lT2|) immediately gives the formula 

E= £ 

ieik^eR/i 

Proposition 8.5. A state ip of1[R] is a ground state if and only if <p{E) = 1. 

Proof. If ip is a ground state, then <p(E) = 1 follows immediately from Lemma [8.41 
because (p is normal. 

If, conversely, <p(E) = 1, then <p(w) = <p{w) = <p(EwE) for each w G %[R\. In order 
to show that condition (3) in Proposition ^. H is satisfied, i.e. that p(Eslu x s a s* a u~ x SbE) = 

whenever N(a) > N(b), it suffices to show that 5 V j slu x s a s* a u~ x Sb<5f = for all 

1 G Xk an d y G R/I, whenever N(a) > N(b). This amounts to showing that 
^bi s a s *a^ti = whenever N(a) > N(b). However, by equation ( fTOl) . this last expres- 
sion can be non-zero only if bl C aR. This inclusion implies that / C f -R PI R, i.e. 
that the ideal fRdR divides J. Since / is norm-minimizing, ^RdR then has to be 
norm-minimizing, too, and N(a) < N(b) by Lemma l8.2( iii). □ 
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Lemma 8.6. Let I, J G X n and let a, b, a', b' G R such that al = bJ and a' I = UJ. 

Then there is g G R* such that sl,s a i = s g sls a . The operators s* a ,Sb'Sj and sls a Sj are 
partial isometries with support 5i and range Sj. If I, J, L are three ideals in T n and 
al = bJ = cL, then s*Sb8jsls a 8i = s*s a 8i 

Proof. We have (a/b)I = J = (a'/b')I whence a'/b' = ga/b for some g G R*. Thus 
gab' = a'b and s g s a Sb> = s a 'Sb- Multiplying this from the left by s*s*, gives the first 
assertion (note that s g and s* commute with s a ,s a i). The second assertion then 

follows from Lemma 14.111 Finally, slSbSls a Si = s*s a 5/ from equation ffTUl) and the 
fact that al C bR. □ 

Proposition 8.7. The corner M = E%[R]E is a C*-algebra isomorphic to 

0M feTiV(j7) (c*(j 7 )xir) 

Here T denotes the class group, k 7 = |Zfc D 7I and J 7 is any fixed ideal in Zf- D 7 
(they are all isomorphic). 

Proof. We use the partition of E as a sum of the projections 5f , / G Z^, x G R/I. 
If Ii , I 2 G Ik are two ideals which are not in the same ideal class and w is an element 
of %[R] of the form w = s* b eLU v s a with a, b G i? x , y <E R then 

= ^etfi^*. = 
because 5^ 8£ = for two different ideals Li,L 2 independently of the choice of 
h,t 2 . Thus 8*1 %[R] ~5f 2 = 0. If we write 

= E § 

lEXkP^xER/I 

then i? = and i? 7l T[i?] E r2 = whenever 71 7^ 72. 

If /, J G Xfc are two ideals in the same ideal class 7, we can choose, according to 
Lemma I8.6j a partial isometry cjj of the form cji = s* a Sb8j with support 8j and 
range <5j. This element is well determined up to multiplication by a unitary s g , 
g G R*. By fixing a reference ideal J 7 in the class 7 and choosing first the c/j 7 and 
then putting cli = clj^j , we may assume that the cji have the property that 
cjj = c*jj and cljCji = cli for /, J, L G fi 7 (i.e. they are matrix units). They 
generate a matrix algebra isomorphic to Mu (C). Setting 

we obtain a system of matrix units for the larger index set {(J, x) | J G fl 7 , x G 
R/I}- This system generates a matrix algebra isomorphic to tv(j )(C) (note that 
N(I) = N(Jj) for all / G Xfe fl 7). 

Consider again an element w of T[i2] of the form w = sleiu y s a with a, 6 G i? x , 
y E R. Then 5j i w5j i is non-zero only if 6J 7 = aJ 7 , y G aJ 7 and L D aJ 7 . In that 
case we get 
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for a suitable g G R* . This shows that <5j 7 X[P] <5j 7 is isomorphic to the subalgebra 
€. of %[R] generated by the s g , g G R* and the u x , x G J 7 . On the other hand 
the representation of %[R] constructed in section |7] shows that the surjective map 
C*( J 7 ) x R* — > <£ from the crossed product is an isomorphism. Therefore <5j 7 X[P] 5j 7 
is isomorphic to the crossed product C*(J 7 ) x R*. 
Finally, the map that sends a matrix (wrjjl 2 ) in M fe7A r(j 7 )(£) to 

E„XlO X!X 2 0X2 
C hJj W hh C Jjh 

defines an isomorphism M kiN (j^(<t) — > EJZ[R] E T □ 

Theorem 8.8. The ground states of%[R\ are exactly the states of the form <p(w) = 
i/>(EwE) where 4> is an arbitrary state of E1[R}E = ® 1 M k _ iN{ j i) (C*(J 1 x R*)). 

Proof. This is immediate from propositions 18.51 and 18.71 □ 



Appendix A. Asymptotics for partial (-functions 

As above let R be the ring of algebraic integers in a number field K. Also let 
Pi, P2, ... be an enumeration of the prime ideals in R such that iV(Pi) < iV(Pj + i) 
for all i > 1 and let X n be the semigroup generated by Pi, P2, . . . , P n . For each 7 in 
the class group r of K and each < o < 1 set 

c 7 n V)= £ n w 

Recall the statement of Theorem 16.61 Let < a < 1. Then for any two ideal 
classes 71,72 we have 

.„„ #i> = 1. 

-»» C«J»(a) 

Proof of Theorem \6.6[ Let ^7 : T — >■ {0, 1} denote the characteristic function of the 
one-point set {7}. For every character \ of the abelian group Y let a 7 (x) = |T| — 1 x(t) 
so that 



In the following we also consider x and ip y as functions on the set of non-zero integral 
ideals. We have 
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lel„ 



(is) ci n V) = E m)N{i)-° = E { a M E wr) 

= EMn( 1 -x(w < r)" 1 ) 



In order to study the asymptotics of n"=i (■*■ ~~ x{Pi)N{Pi) u ) 1 for n — > oo we 
consider 



(14) 



f n ( X ,a) = log J] (1 - x(^)^) _ff )" 1 
i=i 

oo 1 n 

: =E-Ex(^mr CT 



V 

v=\ i=l 



Up to finitely many terms the first sum is bounded by a constant which is indepen- 
dent of n: 



1 n 1 oo 

E -E^)^*)- w | < E -E^) 



^>l/cr »=1 



u>l/a i=l 



E^r [1H E 



- Z^ iV ^ i-jv(p i )- ff 



i=i 

oo 



1=1 



< — L_^iv(P0" ff(1+[1/<ri: 

i=i 



< 



l-2" ff 



Cx(a(l + [1/(7]) < OO . 



Therefore 



(15) 



1 n 

uix,°)= E -E^) iY ^)'" + °( 1 ) 



1<i><1/ct i=l 



where the O-constant depends on a but not on n or x- 

Let us now fix some 1 < v < 1/cr. The values of x are h-th roots of unity where 
h — \T\ is the class number. We get 



(16) 



Ex(if)A^r CT = E^ E < CT) (n) 



i=l 
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Here for kgR^gT and n > 1 we have set: 



E n w k ■ 



i=l 



Lemma A.l. Fix some < k < 1 and write w 7 (n) = wij, (n). Set 



1 n 



i=l 

T/ien — 7- oo as n — > oo and for arbitrary )GT we have lim^oo ^(n) = ^' 

The proof of the lemma is given below. For 1 < v < 1/cr we have < k = vo < 1. 
Using ( TT6|) and the lemma, we get for n — > oo: 

1 n 

We have the identities 





if 


|Imx| 




if 


Imx| 



E CIX-'COI = |Ker( X )| E C = { 
Therefore, using ( TT5|) we get 

(17) lim -±—U x ,o-) = a{ X ):=h V i>0 

n.->oc CU^nJ Z — ' 1/ 

l<fc , <l/c, |Im xl | ^ 

Note that if x is n °t the trivial character 1, then a(x) < a(l). 
Let 

n 

(18) L n ( X , a) := J] (l - X (P,)iV(P i )^) ' = exp / n ( X , a) 

i=l 

From ( TT3l) we get 

ci n V) = E a 7M L «(^) 

X 

Because of ffTTl) and (fTBl) one knows that for n — )■ oo 



< L n (l, a) = J] (1 - iV(P,,)- ff ) 1 — ► oo 



Also 



L n (l,cr) 



expRe(/ n (x,o-) - fnO-,*)) 



Now assume that x ^ !■ Since w(n) — > oo and 
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lim —— (f n (x, a) - f n (l, a)) = a(x) - a(l) < 
by (|T7|) . we find that 

lim Re (f n (x, o) ~ f n (l, <r)) = -oo 



and thus 



This gives: 



lim — r- = for x ^ 1 



"— » L n (l, a 



and hence 



n-s>oo L n {l, a) fl 



l im tf'M 



for any two ideal classes 7 and rj. 

It remains to prove lemma IA.1I For this we need a version of the prime number 
theorem for prime ideals in a given ideal class with a simple remainder term. For 
x > let t^k{1i x) denote the number of prime ideals P in 7 with N(P) < x. Using 
the relation 

x q/ x 
\ogx V(logx) 2 - 

the corollary after lemma 7.6 in chap. 7, § 2 of [17J implies the following asymptotics: 
(19) kk{i,x) = \-^ + 0( 



li (.r) = - h o(t, ~ ) f°r ./• -:- x 



h\ogx V(logx) 2 
For x > and k < 1 let us write: 

fi 7 (x) = fiM( x ) = ^ iV(P)- K 

and 



JV(P)<a: 
Pg 7 



fl(ar) = n {K \x) = - N ( p )~ K ■ 

N(P)<x 

We now use the following version of summation by parts: Consider a function / 
on the integers v > 1 and a C7 1 -function g on [l,oo). For x > 1 we set Mf(x) = 

Y,v< x f( u )- Tlien we nave 

]T /(%(!/) = Mf(x)g(x) - f M,^*) dt . 
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Setting f[y) = \{P \ P E 7 and N(P) = z/}| and g(x) = x~ K we have 
n -r( x ) = ^2 f^9(^) and M f (x) = n K (>y,x) . 

Hence using (fT9l) we get for x — > 00: 

r _ dt 

fi 7 (x) = tt k (j,x)x k + k 7r K (j,t)t K — 

\ X^ ^ Kj t ^ / X^ ^ \ / t ^ 

= T\ + T r-+ dt + (n \2l + °{ 7T-^2 dt 

h log x hj 2 logt V(logx) 2 / \J 2 (logt) 2 

For k < 1 we have: 

dt = — dt + / — dt 



(logt) 2 J e (logt) 2 (logt) 2 

n -^/x -y l-X 

< I r K dt + - — / r K dt 

(logv^) 2 

Of 



.(logx) 2 

Hence we get for k < 1: 

(20) nJx) = ~ — + £ / -^dt + of 



7 Moga; /i 7 2 l°g^ V(loga;) 2 

For the case k = 1 note that 

x .-1 , 

dt = -±- - -J— = 0(1) 
(logt) 2 log 2 logx 

and 

r x t- 1 

dt = log log x + 0(1) . 



logt 

Thus for k = 1 we get 

(21) QJx) = -J- log log x + 0(1) . 

n 

Relations (120]) and fl2~Tl) also hold for Q(x) instead of fi 7 (x) since the right hand 
sides do not depend on 7 and Q(x) = h^ 1 Y2~ ( er ^( x )- It follows that for k < 1 we 
have f2 7 (a?) ~ fi(x). It remains to show that for n — > 00 we have w 7 (n) ~ w(n) as 
well. For a given prime number p there are at most (K : Q) different prime ideals P 
in i? with P \p. It follows that for every v > 1 the equation N(P) = v has at most 
(-K" : Q) solutions in primes P of R. Since N(Pj) < N(P i+ i) for all i we therefore 
get: 

w 7 (n) = fi 7 (iV(P n )) + 0(iV( J R„)- K ) 

= r2 7 (iV(P n )) + 0(1) since k > 

and analogously 

w(n) = fi(JV(P n ))+0(l) • 
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This implies the result. □ 

Appendix B. List of notations 

For u x , s a , ej see Definition 2.1. The projections //, £/ are introduced before Lemma 
2.4. The commutative subalgebra T> is introduced at the beginning of section 4. 
X n ,V n ,V n are introduced after Lemma 4.5. The representation // of %[R] is defined 
before Lemma 4.6. The minimal projections 5j n in T> n are introduced in Lemma 
4.7. ef is defined after 4.8. For Yr see Remark 4.10. The notation X is introduced 
after Corollary 4.14. The automorphism <j t is defined at the beginning of section 6. 
R* denotes the group of units (invertible elements) in R. 

References 

[1] Jean-Benoit Bost and Alain Connes. Hecke algebras, type III factors and phase transitions 
with spontaneous symmetry breaking in number theory. Selecta Math. (N.S.), l(3):411-457, 
1995. 

[2] Nicolas Bourbaki. Commutative algebra. Chapters 1-7. Elements of Mathematics (Berlin). 

Springer- Verlag, Berlin, 1989. Translated from the French, Reprint of the 1972 edition. 
[3] Ola Bratteli and Derek W. Robinson. Operator algebras and quantum statistical mechanics. 2. 

Texts and Monographs in Physics. Springer- Verlag, Berlin, second edition, 1997. Equilibrium 

states. Models in quantum statistical mechanics. 
[4] Joachim Cuntz. C*-algebras associated with the ax 4- 6-semigroup over N. Cortihas, Guillermo 

(ed.) et al., iC-theory and noncommutative geometry. Proceedings of the ICM 2006 satellite 

conference, Valladolid, Spain, August 31-September 6, 2006. Zurich: European Mathematical 

Society (EMS). Series of Congress Reports, 201-215 (2008), 2008. 
[5] Joachim Cuntz and Xin Li. The regular C*-algebra of an integral domain. Clay Mathematics 

Proceedings, 10:149-170, 2010. 
[6] Joachim Cuntz and Xin Li. C*-algebras associated with integral domains and crossed products 

by actions on adele spaces. J. Noncommut. Geom., 5(l):l-37, 2011. 
[7] Alfred Geroldinger and Franz Halter-Koch. Non-unique factorizations, volume 278 of Pure and 

Applied Mathematics (Boca Raton). Chapman & Hall/CRC, Boca Raton, FL, 2006. Algebraic, 

combinatorial and analytic theory. 
[8] Marcelo Laca. From endomorphisms to automorphisms and back: dilations and full corners. 

J. London Math. Soc. (2), 61(3):893-904, 2000. 
[9] Marcelo Laca and Sergey Neshveyev. Type equilibrium states of the Toeplitz algebra of 

the affine semigroup over the natural numbers. J. Fund. Anal., 261(2):169-187, 2011. 
[10] Marcelo Laca, Nadia Larsen and Sergey Neshveyev. On Bost-Connes systems for number 

fields. J. Number Theory, 129:325-338, 2009. 
[11] Marcelo Laca, Sergey Neshveyev and Mak Trifkovic. Bost-Connes systems, Hecke algebras 

and induction, preprint, arXiv:1010.4766 
[12] Marcelo Laca and Iain Raeburn. Semigroup crossed products and the Toeplitz algebras of 

nonabelian groups. J. Fund. Anal., 139(2):415-440, 1996. 
[13] Marcelo Laca and Iain Raeburn. Phase transition on the Toeplitz algebra of the affine semi- 
group over the natural numbers. Adv. Math., 225(2):643-688, 2010. 
[14] Marcelo Laca and Machiel van Frankcnhuijscn. Phase transitions on Hecke C*-algebras and 

class-field theory over Q. J. Reine Angew. Math., 595:25-53, 2006. 
[15] Xin Li. Ring C*-algebras. Math. Ann., 348(4):859-898, 2010. 

[16] Xin Li. Semigroup C*-algebras and amenability of semigroups, preprint, arXiv: 1105.5539 
[17] Wladyslaw Narkiewicz. Elementary and analytic theory of algebraic numbers. Springer- Verlag, 

Berlin, second edition, 1990. 
[18] Sergey Neshveyev. Traces on crossed products, preprint, 2010. 



38 



J. CUNTZ, C. DENINGER, AND M. LACA 



[19] Jiirgen Neukirch. Algebraic number theory, volume 322 of Grundlehren der Mathematischen 
Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer- Verlag, Berlin, 
1999. Translated from the 1992 German original and with a note by Norbert Schappacher, 
With a foreword by G. Harder. 

[20] Jason Peebles. The Toeplitz C*-algebra of the semigroup of principal ideals in a number field. 
MSc. Thesis, University of Victoria, https://dspace.library.uvic. ca: 84-43 /handle/ 1828/2380., 
2005. 

[21] Elmar Thoma. Uber unitare Darstcllungen abzahlbarer, diskreter Gruppen. Math. Ann., 
153:111-138, 1964. 

Joachim Cuntz, Mathematisches Institut, Einsteinstr.62, 48149 Munster, Germany, 
Christopher Deninger, Mathematisches Institut, Einsteinstr.62, 48149 Munster, 
Germany, Marcelo Laca, Mathematics and Statistics, University of Victoria PO 
BOX 3060 STN CSC, Victoria, B.C. Canada V8W 3R4 

E-mail address: cuntz@uni-muenster.de, deninger@uni-muenster.de, laca@uvic.ca 



